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INTRODUCTION

The purpose of this paper is to examine parametrically
both one- and three-impulse AV costs into (or out of) a circular
lunar parking orbit under different boundary conditions and to
determine under what conditions a three-impulse maneuver should
be employed.

The three-impulse transfer considered in this study
consists of the following maneuvers: 1) transfer from the
hyperbola to a first ellipse, 2) transfer from the first ellipse
to a second ellipse, 3) transfer from the second ellipse to a
final circular parking orbit. The second and third maneuvers
involve both an energy change and a plane change while the first
maneuver is constrained to occur in the plane of the hyperbola.

The boundary conditions for the transfer geometry
from the hyperbola to the circular parking orbit are established
by specifying the vector velocity relative to the moon at the

moon's sphere of influence, ﬁw, and the unit angular momentum

vector of the desired final parking orbit. 1In this study the
circular parking orbit is taken as the reference plane. All
conics were generated subject to the constraint that perilune
altitude be greater than 40 nm. The approach hyperbola for the
three-impulse maneuvers was targeted to a perilune altitude of
150 nm. The final circular parking orbit altitude was 60 nm,

The discussion that follows is in terms of lunar
orbit insertion, LOI, that is transfer from a hyperbolic orbit
into a parking orbit. The results are equally applicable to
transearth injection.
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THREE-IMPULSE METHOD

If an initial hyperbola and a final parking orbit
are assumed, there are eight parameters necessary to specify
the three-impulse geometry completely:

1. Apolune radius of the first ellipse, r, .

2. True anomaly on the hyperbola at the first burn,

flAI

3. True anomaly on the first ellipse at the first
burn, le.

4., Plane change at the first burn, 0"

5. True anomaly on the first ellipse at the second
burn, f2 .

A

6. True anomaly on the second ellipse at the second

burn, f2B‘

7. Plane change at the second burn, P oe

8. True anomaly on the second ellipse at the third
burn, f3A'

See Figures 1, 2, 3 and 4 for the actual geometry. The version
of the three-impulse optimization used in this study consists
(1) £ and £
1A’ "1B 2A°
The transfer from the hyperbola to the first ellipse is con-
strained to be coplanar, that isp, =0 since it was found that

of a three-dimensional linear search on f

optimizing Y yields a negligible AV advantage. This is not

surprising since the basic advantage of the three-impulse
maneuver is derived from performing the required plane change
at the second burn, near apolune of the intermediate ellipse,
where the velocity is low. These parameters specify the first
burn completely and determine the position and velocity prior
to the second burn.

The optimum transfer trajectory from the state at the
initiation of the second burn to the final burn is obtained by

using a method developed by Fang Toh Sun(2’3). The final state
is specified by the angle, 0, from the projection of the
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radius vector at the second burn on the circular orbit to the
final radius vector. See Figure 5. A linear walk optimization
is performed on 0, internal to the linear search on flA' le

and fZA'

’

APPROACH HYPERBOLA

The approach hyperbola is optimized external to the
three-impulse optimization. Figure 6 graphically defines the
parameters used to construct the approach hyperbola for the
three-impulse trajectory. The final parking-orbit plane,

defined by a unit angular momentum vector, ﬁ, is the reference.

¢ defines the out-of-plane angle of Gm.

The MSI pierce point remains to be defined to specify
the hyperbola. If a perilune radius of the hyperbola is
selected, there is a circular locus of possible pierce points

on the MSI centered about the negative ﬁw. The flight path

azimuth at the MSI, &, (shown in Figure 6) defines a single
member of the family of hyperbolas defined by the pierce point
locus. Total LOI AV is minimized with respect to a.

It is necessary to constrain the minimum perilune
altitude of each intermediate ellipse and the hyperbola.
Within this constraint it is possible to optimize the hyperbola
perilune. It was found that the optimum varied between 60 and
150 nm depending on the values of ¢ and V_ and that the maximum

benefit for optimizing the hyperbola perilune was on the order
of 30 fps. Therefore, to simplify the analysis, the hyperbola
perilune altitude was arbitrarily constrained to 150 nm.

The optimum one-impulse hyperbola was found by a
different method. §w was defined as in the three-impulse

construction. The constraint that perilune altitude of the
hyperbola be greater than 40 nm was imposed. The optimum MSI
pierce point was determined by minimizing the total angle
between the required velocity for a circular orbit and the
pre-maneuver velocity vector. The method used is discussed
in Reference 4.
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THREE-IMPULSE AND ONE-IMPULSE AV COST

The parameters used to specify the one-impulse LOI
were V_ and ¢. Values of V_ ranging from 2700 fps to 3600 fps

were selected, which correspond to translunar flight times from
70 to 110 hours for mean earth-moon distance. ¢ was varied

from 10 to 85 degrees. The three-impulse LOI was further
specified by the apolune radius of the first ellipse, r,- Values

of r, ranging from 1438.5 nm to 12000 nm were considered.

Figures 7, 8, 9 and 10 illustrate the LOI AV costs for
the different cases. When ¢ is greater than a particular value,
dependent on V_ and r_, a three-impulse maneuver is cheaper

than the one-burn maneuver, with the AV advantages ranging from

0 to 4600 fps depending on the initial energy and apolune of the
first ellipse. Figure 11 graphically shows the ranges of ¢ in
which a three-impulse trajectory will give a AV advantage over
the one-impulse. The large advantage of the three-burn technique
is the result of the relatively cheap plane change AV at the
second burn. As apolune increases the cost of the second burn
decreases.

As one would expect, the LOI AV cost increases for
the three-impulse maneuver as V_ increases since the first burn

becomes more expensive as the enerqgy difference increases. For
a given apolune the increase in LOI AV at the first burn is
~ 100 fps per 300 fps increase in V_. There is no increase in

the second or third burn due to the increase in V_.

The one-burn data behave differently. For ¢ greater
than about 20 degrees, the one-burn AV decreases as V_ increases.

This is the result of the optimum injection point occurring
closer to the minimum possible plane change point, that is where
the plane change equals ¢. Hence, even though the required
energy change is greater for larger V_, the lower required

plane change results in a lower total AV.

For values of ¢ above about 50 degrees it is impossible
to achieve a one-burn LOI within the perilune constraint. A
three-impulse trajectory is possible for the entire range of
¢ considered.
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Figures 12, 13, 14 show the individual maneuver costs
for each of the three-impulse maneuvers with a V_ of 2700 fps.

The first-burn cost, AV increases as the apolune radius of

ll
the first ellipse decreases. This is due to the increasing
energy difference between the hyperbola and the first ellipse.

The second-burn cost, sz, also increases as the apolune radius

of the first ellipse decreases. Since the burn occurs closer
to the moon as r, decreases, the velocity increment necessary

to do a plane change to the second ellipse increases. The
third-burn cost, AV3, decreases as r, decreases due to the

smaller energy difference between the second ellipse and the
final circular orbit.

The scatter of the data points about the plotted
curves in Figures 12, 13 and 14 is due to noise in the optimi-
zation of flA’ le and fZA' The large transient in the region
of ¢ = 55° for the 12000 nm ellipse in Figures 12 and 13 is due
to a shift in the optimum flA from ~ 0° to ~ 50° which results
in compensating changes in AV; and AV, to produce a smooth total

AV curve.

TIME OF FLIGHT BETWEEN THE FIRST AND THIRD BURNS

Time of flight between the first and third burns is
a function of r, and V_ as shown in Figure 15. As the inclina-

tion of the approach hyperbola increases the time of flight
decreases. This is due to the fact that the first burn of the
optimized three-impulse maneuver tends to occur at larger true
anomalies at high inclinations, thus reducing the time in the
first ellipse. Time of flight does not vary very much with
inclination or V_ for the small first ellipses. The trajec-

ories containiné large intermediate ellipses have more varia-
tion in time of flight. The variation is a result of le

increasing as ¢ increases and le decreasing as V_ increases.
The time spent in the first ellipse is larger when f,, is
smaller.

SUMMARY
Three-impulse and one-impulse transfers between

hyperbolic lunar trajectories and a circular lunar orbit have
been examined for a range of hyperbola parameters (V_ and ¢) .



BELLCOMM, INC. -6 -

Three-impulse AV savings at LOI have been shown to range from
zero up to 4600 fps.

By using Figure 12 it is possible to determine the
conditions under which a three-impulse trajectory will give a
AV advantage given the ¢ and V_ required. One convenient way

to use this data is to first generate a trajectory using a one-
burn LOI. The required V_ and ¢ or AVIo1 taken from that tra-

jectory may then be used to determine if a three-burn advantage

exists. The magnitude of the AV savings may be determined from
Figures 7 through 10.

A mission to Tycho launched on February 6, 1973 has a
V, of 3340 fps and one-burn AV ., of 4256 fps. Referring to

Figure 10, it is estimated that a three-impulse trajectory, with
r, = 10,000 nm launched on the same date, would result in a LOI

AV of only 3200 fps.

MR Ko

2013-MRK-slr M. R. Kerr

Attachments
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